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Fix an odd prime p throughout. In this talk we’ll review some background on suspen-
sion operations and filtered spectra, and then use some of this technology to compute the
homotopy groups of THH(Zp)/p and THH(ℓp)/(p, v1).

4.1 Suspension operations

Let us first elaborate on the suspension operations mentioned near the end of the last talk.
This will be useful for later talks. The main references for this section are [2] appendix A
and [3] section 3.1.

Without aiming for full generality, let’s work in the familiar land of spectra. Let A
be a homotopy commutative E1-algebra, and let I = fib(S → A). There are two maps
A → A ⊗S A, given by the left and right units. We can precompose both maps with
I → S → A. Then any point in I → A ⊗S A is nullhomotopic “for two reasons”, so we
obtain a loop in A⊗S A. In other words we get a map ΣI → A⊗A. This is how you could
think about it. Formally, there are natural homotopies filling all the squares

I 0

S A

0

A A⊗A

e

e eL

eR

so you automatically get a map ΣI → A⊗ A by pushing out from the back face. Another
way to say the same thing is that there is a natural nullhomotopy of the composition

S → A
eL−eR−−−−→ A⊗A, so we get a dotted map

S A ΣI

A⊗A

eL−eR

This is the suspension map σ.
Doing this once more gives a map σ2 : Σ2I → THH(A). In the intuitive picture, the

loop you got before in A⊗A is zero in THH(A) again for two reasons, so we get a 2-sphere
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in THH(A). Formally:

ΣI 0

A⊗A A

0

A THH(A).

m

m◦T

Here, we need the natural map eL − eR : A → fib(m : A⊗A → A) to factor through ΣI. It
suffices to show that S → A → fib(m) is zero, i.e. that the map π0(A) → π0(fib(m)) maps
the unit to 0. But because m is surjective on homotopy groups, π0(fib(m)) ⊂ π0(A ⊗ A),
so the map π0(A) → π0(A⊗A) induced by eL − eR does indeed map the unit to zero.

Exercise 4.1. Show that the Bott element u ∈ THH2(Fp) arising from the identification
THH(Fp) ≃ Fp⊗Σ∞

+ ΩS3 is the same element as σ2p. (Hint: first show that σp is the degree
1 exterior power generator of the Steenrod algebra by comparing with Fp ⊗L

Z Fp.)

Precomposing σ2 with the connecting homomorphism gives the map

d : ΣA → Σ2I
σ2

−→ THH(A).

The geometric picture is that this is supposed to take a point in A, take its image in
THH(A), and use the S1 action on THH(A) to form a circle. In other words:

Exercise 4.2. The map d is the same map as

ΣA → A⊗ ΣA = (Σ∞
+ S1)⊗A → THH(A)

where the last map is induced by the circle action on THH.

The last map we’ll define is a map t : Σ−2THH(A) → limCP1 THH(A), where the limit
is taken over the diagram CP1 ↩→ CP∞ = BS1 → Sp encoding the S1-action on THH. To
construct this, write CP1 as a colimit of spaces

CP1 = colim(S1 󰃃 S0).

When taking the limit over an indexing category which can be written as a colimit, one can
break it up as a limit of the limits over each individual part1. Applying this to the above
cofiber sequence we get

lim
CP1

THH(A) ≃ lim(THH(A)⊕ THH(A) 󰃃 THH(A)⊕ Σ−1THH(A))

≃ lim(THH(A) → Σ−1THH(A))

and t is just the connecting homomorphism for this fiber sequence.
The geometric picture is that if we take a 2-sphere in THH(A) and apply t, it recovers

the fixed points of the S1-action on the sphere, namely the two poles; in other words it is
a kind of inverse to the suspension operation. The geometric picture suggests the following
proposition (whose proof we skip):

1This is explained e.g. here.
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Proposition 4.3 ([2], lemma A.4.1). The following square commutes:

I S

Σ−2THH(A) limCP1 THH(A).

σ2

t

4.2 Filtered objects

In this section we discuss filtered and graded objects. References include [1] appendix B
and [3] section 2.

Definition 4.4. Let C be a stable ∞-category. A t-structure on C is the data of a pair of
two subcategories C≥0,C≤−1 such that:

• C≥0 is closed under Σ, and C≤−1 is closed under Σ−1.

• For X ∈ C≥0 and Y ∈ C≤−1, Map(X,Y ) is contractible.

• For any X ∈ C there exist Y ∈ C≥0 and Z ∈ C≤−1 such that Y → X → Z is a fiber
sequence.

Exercise 4.5. Show that:

(a) C≥0 ∩ C≤−1 = ∅.

(b) There exists a right adjoint τ≥0 : C → C≥0 to the inclusion C≥0 ↩→ C. Similarly there
exist a left adjoint τ≤−1.

(c) C♥ := C≥0 ∩ C≤0 is an abelian 1-category.

(d) Given a stable ∞-category C, consider its homotopy category hC which is a triangu-
lated category. It is clear that a t-structure on C gives rise to a t-structure on hC.
Show that this is a bijection.

Our filtrations are decreasing by convention:

Definition 4.6. Define the category of filtered objects fil(C) = Fun(Z≥,C), and the category
of graded objects gr(C) = Fun(Z,C). Both are symmetric monoidal categories by Day
convolution. Here Z≥ is the poset · · · 2 → 1 → 0 → −1 · · · and Z is discrete.

Now suppose C is a presentably symmetric monoidal stable∞-category with a t-structure
which is compatible with the monoidal structure: this means that the tensor unit is con-
nective (i.e. in C≥0), and C≥0 is closed under tensor product. The example we’ll use is of
course Sp. Between the categories C, fil(C), gr(C), there are the following functors:

• −n : fil(C) → C, taking the nth object.

• the left adjoint to the above, c0,n : C → fil(C). This takes X to the filtered object
· · · → 0 → X → X → · · · with the first X at the nth position. This is symmetric
monoidal. Let ck,n := Σkc0,n+k.
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• the colimit (or “realization”) colim: fil(C) → C. This is symmetric monoidal.

• the right adjoint to the above, the constant functor Y : C → fil(C). This is symmetric
monoidal.

• the right adjoint to the above lim: fil(C) → C.

• the associated graded, gr : fil(C) → gr(C). This is symmetric monoidal.

• the right adjoint to the above, taking zeros for all the filtration maps: gr(C) → fil(C).

• the Whitehead tower τ≥∗ : C → fil(C), which is lax symmetric monoidal.

• the bigraded homotopy groups π♥
k,nX = π♥

k Xn+k = Σ−kτ≥kτ≤kXn+k ∈ C♥ and

πk,nX = πkXn+k = [ k,n, X].

Exercise 4.7. Let the filtration parameter τ ∈ π0,−1(
0,0) be defined by the map

· · · 0 0 · · ·

· · · 0 · · ·

and let Cτ ∈ fil(C).

(a) For any X ∈ fil(C), what is X ⊗ τ?

(b) Show that gr(C) can be identified with ModCτ (fil(C)), and taking associated graded
amounts to base changing −⊗ Cτ .

(c) On the other hand show that fil(C)[τ−1] ≃ C by X 󰀁→ colimX.

Proposition 4.8. Let X ∈ fil(C). There is a spectral sequence associated to X:

E1
s,t = π♥

t−s,s(grX) =⇒ π♥
t−s(colimX).

The differentials dr are of bidegree (r+1, r). Sanity check: d1 goes from πt−s(grtX) →
πt−s−1Xt+1 → πt−s−1(grt+1X) which is correct.

Remark 4.9. Many people prefer for this spectral sequence to be graded according to the
Adams convention, where the x-axis represents total degree t− s and the y-axis represents
Adams filtration degree s.

We now specialize to C = Sp where π♥ and π agree. Given a spectrum, we often study it
by putting a filtration on it and studying its associated spectral sequence. The suspension
operations allow us to formally determine some differentials in the spectral sequence. To
start with, given any spectrum X and an element x ∈ π∗(X) with a lift 󰁨x ∈ π∗(X ⊗ I), we
can tensor the maps σ,σ2 with X to obtain

σx ∈ π∗+1(X ⊗A⊗A), σ2x ∈ π∗+2(X ⊗ THH(A)).
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In general they depend on the lift 󰁨x. Similarly given any y ∈ π∗(X ⊗ A ⊗ A) with a
lift 󰁨y ∈ π∗(X ⊗ fib(m)), we can define σy ∈ π∗+1(X ⊗ THH(A)). Then for any element
x ∈ π∗(X ⊗A) we can define dx = σ((eL − eR)x).

Now let R be an E1-algebra in fil(Sp), X ∈ Sp. Suppose x ∈ πk(X) whose image in
πk(X ⊗ R0) = πk,−k(X ⊗ R) is equal to τ ry for some y ∈ πk(X ⊗ Rr), r ≥ 1. This means
that x maps to zero in πk,−k(X⊗gr(R)). The following is the key fact we’ll use to determine
the differentials:

Proposition 4.10 ([3], lemma 3.6). There is a lift 󰁨x ∈ πk,−k(X ⊗ fib(S0,0 → grR)) such
that in the spectral sequence associated to X ⊗THH(R), σ2x ∈ πk+2,−k−2(X ⊗THH(grR))
survives to the Er-page, and there is a differential dr(σ

2x) = ±dy.

Sketch of proof. The idea is to map into this spectral sequence from a simpler one where we
know the differentials. Namely, a nullhomotopy of x in the associated graded is the same as
a homotopy x ∼ τ ry, which is the same as a nullhomotopy ν of τ ry in X ⊗ cofib(S0,0 → R).
Then we get a map of filtered objects

· · · 0 Sk · · · Sk 0 0 · · ·

· · · X ⊗Rr · · · X ⊗R1 X ⊗ (R0/S) X ⊗ (R−1/S) · · ·

y ν

we know the dr differentials of the spectral sequence of the top object because everything
has to be killed. That differential maps to a nontrivial differential in the bottom object,
which in turn maps to a nontrivial differential in X ⊗ THH(R) by applying σ2.

4.3 Main calculation

We will now do the calculation of THH(Zp)/p and THH(ℓp)/(p, v1) for p an odd prime,
following the streamlined method of [3], example 4.2 and 4.3. Note that this computation
goes back to Bökstedt ’86 (for Zp) and McClure–Staffeldt ’93 (for ℓp).

Our strategy is to put filtrations on Zp and ℓp, which induce filtrations on their THH
and quotients. Moreover, gr commutes with THH (because of monoidality) and quotients
(because of exactness), so the associated graded are just THH of grZp and gr ℓp, which are
easy to compute.

Recall that ℓp is the connective Adams summand: it is a p-complete spectrum which

can be defined as the connective cover of KU
hµp−1

(p) where µp−1 acts via Adams operations.
It satisfies

ku(p) = ℓp ⊕ Σ2ℓp ⊕ · · ·⊕ Σ2p−4ℓp,

and it has homotopy groups π∗ℓp = Zp[v1], |v1| = 2p− 2.
Recall also that Zp and ℓp are the first two examples in a series of spectra called truncated

Brown–Peterson spectra, BP〈n〉. They are obtained from BP by quotienting by the elements
vn+1, vn+2, · · · ∈ π∗BP. But Zp and ℓp are highly structured: they are E∞-rings, whereas
BP〈n〉 in general do not admit such structures.

Let’s begin. We filter Zp and ℓp by:
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• Zfil
p is given the filtration · · · → Zp

p−→ Zp
p−→ Zp = Zp = . . . and let 󰁨v0 be 1 ∈ Zp in

filtration degree 1. It is an E∞-ring in fil(Sp), whose associated graded is Fp[v0]. (By
the way, this is also the Adams filtration of Zp along S → Fp.)

• ℓfil is given the Whitehead filtration · · · → τ≥2ℓ → τ≥1ℓ → ℓ = ℓ = . . . and let p be in
filtration degree 0 and let 󰁨v1 be in filtration degree 2p− 2. It is an E∞-ring in fil(Sp)
because τ≥∗ is lax symmetric monoidal.

We can take THH(Zfil
p ) in the symmetric monoidal category fil(C). The image of 󰁨v0 in

Zfil
p → THH(Zfil

p ) is also denoted 󰁨v0. We’ll compute THH(Zfil
p )/ 󰁨v0. Note that colimits and

taking associated graded both commute with THH and cofibers, so colimTHH(Zfil
p )/ 󰁨v0 =

THH(Zp)/p and

gr(THH(Zfil
p )/ 󰁨v0) = THH(Fp[v0])/v0 = Fp[σ

2p]⊗ ∧[dv0].

Here σ2p has bidegree (−2, 0) and dv0 has bidegree (0, 1). By proposition 4.10 applied to
R = Zfil

p , we get d1(σ
2p) = dv0 in the spectral sequence for THH(Zfil

p ). This maps to the

spectral sequence for THH(Zfil
p )/ 󰁨v0, so the relation holds for us as well. By Leibniz rule, this

determines all differentials. There are no extension problems for degree reasons ((σt1)
2 = 0)

and we get
π∗(THH(Zp)/p) ≃ Fp[σ

2v1]⊗ ∧[σt1]
with |σ2v1| = 2p and |σt1| = 2p − 1. These elements can be named this way by [2],
proposition 6.1.6.

Similarly, let’s compute THH(ℓ)/(p, v1). As above, we compute THH(ℓfil)/(p, 󰁨v1), whose
colimit is what we want, and whose associated graded is

THH(gr(ℓfil))/(p, v1) = THH(Zp[v1])/(p, v1) = Fp[σ
2v1]⊗ ∧[λ1, dv1],

where |σ2v1| = (−2p, 0), |λ1| = (−2p − 1, 0), and |dv1| = (−1, 2p − 2). By degree reasons
only one page can carry differentials, namely the E2p−2-page; and it does have a differential
by proposition 4.10, with d2p−2(dv1) = σ2v1. Thus the E

∞ page looks like Fp[µ1]⊗∧[λ1,λ2].
Again, there are no extension problems for degree reasons, so we conclude that

π∗(THH(ℓ)/p, v1) = Fp[µ]⊗ ∧[λ1,λ2]

with |µ| = 2p2, |λ1| = 2p− 1, |λ2| = 2p2 − 1.
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